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ABSTRACT: The effect of vapor pressure on the thermoreversible gelation in polycondensation reactions is
theoretically studied on the basis of the lattice theory of polymer solutions combined with the conventional Flory-
Stockmayer theory of gelation. In polycondensation systems, concentration of the produced three-dimensional
branched polymers in the reaction bath changes as reaction proceeds due to the byproduct of the solvent molecules,
such as water, alcohol, etc., and hence it is not a controllable parameter. We calculate the polymer concentration
as a function of temperature and vapor pressure of the solvent, and we study how sol/gel transition interferes
with macroscopic phase separation in such reactive solutions. We find a new reentrant sol phase at high pressure
that is brought by a strong backward reaction. The thermodynamic conditions to reach the gel point without
phase separation are found. Gel point can be reached even for reactions in closed vessels where pressure changes
under a constant volume. The pressure-temperature phase diagrams for closed systems showing sol/gel transition
lines and phase separation lines are derived.

1. Introduction

In polycondensation reactions, such as polyesterification from
carboxylic acids and alcohols, polyamidation from carboxylic
acids and amines, water molecules split during the reaction are
immediately removed to prevent backward reaction and to reach
high conversion with high molecular weight linear polymers.1,2

The condensation reaction is basically reversible, and hence,
backward reaction takes place when there is excess water.
Consider, for instance, a condensation reaction of the type

where A and B are functional groups. If we assume a complete
reaction equilibrium, we have the condition

where [-AB-] is the molar concentration of the A-B bonds,
[H2O] is the molar concentration of water,RA andRB are the
conversions of A and B functional groups, andλ(T) is the
equilibrium constant. For an equimolar reaction where [-A] )
[B-] holds, we have the same conversionRA ) RB, which we
write asR. From the equilibrium condition (1.2), the conversion
R is approximately given byR = 1 - 1/xh, and the average
degree〈x〉 of polymerization, both number- and weight-average,
is given by〈x〉 = 1/xh, where

is an important dimensionless parameter to measure the effect
of water.1,2 Here,ψ is the molar concentration of the functional
groups. Hence, the concentration of water must be small, or
the reaction equilibrium constant must be large, to obtain long
chains. The parameterh can be changed at will through
experimental manipulation. Reaction is usually processed in an
open vessel, and water vapor is removed by the flow of inert
gases.

In contrast, in polycondensation of multifunctional monomers,
reaction easily reaches the gel point because the conversion at
the gel point is roughly estimated to be

wheref is the functionality of the monomer, i.e., the number of
functional groups carried by a monomer.1,3,4 For example, it is
0.33 for tetrafunctional monomers. In such a polycondensation
reaction of multifunctional monomers, the water molecules
should not necessarily be removed from the reaction bath, but
instead, the system can be brought to the gel point by controlling
the vapor pressure of water. In fact, in some extreme cases as
seen in polycondensation of tetraethoxysilane (TEOS) in water
and alcohol, gelation can be observed even in a closed vessel.5

The purpose of the present paper is to theoretically study
thermodynamics of multifunctional polycondensation and to find
the condition to bring the system to the gel point by changing
the vapor pressure of water with or without phase separation.

In the conventional statistical theories of polycondensation,1,3,4

the effect of eliminant molecules have not been explicitly taken
into consideration. The molecular weight distribution, its
averages, and the condition for gelation were studied as
functions of the conversionR under the condition of simple
bond formation between functional groups. In a series of our
preceding studies,6-8 we have studied thermoreversible gelation
of reactive solutions with the temperature and concentration as
controllable parameters. In polycondensing systems in open
vessels, the concentration of solute molecules is, however, not
a controllable parameter because of the evaporation of water
molecules. The main purpose of the present study is to find the
condition for the gel point in terms of the vapor pressure, and
to study the physico chemical nature of sol/gel transition
interfering with the phase separation.

The formation of cross-links with simultaneous solvent
evaporation is the main processes that govern quality of a
majority of protective organic coating films. Thereby, the
amount of evaporated solvent and increase in the conversion

-A + B- h -AB- + H2O (1.1)

[-AB-][H2O]/[-A](1 - RA)[B-](1 - RB) ) λ(T)
(1.2)

h ≡ [H2O]/λ(T)ψ (1.3)

R = 1/(f - 1) (1.4)
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of reactive groups are interdependent. Formation of polymer
films by simultaneous cross-linking and solvent evaporation was
studied by combining the polymer-solvent mixing free energy
with the elastic free energy of the networks due to swelling.9

The motivation of the present study is basically the same as
this literature, but we focus more on the interference between
phase separation and thermoreversible gelation at reaction
equilibrium, and attempt to find conditions for reaching the gel
point without phase separation. We expect this problem to be
important for the formation of homogeneous films. The kinetic
processes with time-dependent reaction will be reported in the
forthcoming paper.

2. Stoichiometric Definitions

Consider polycondensing functional molecules A dissolved
in water. Letf be the number of functional groups (for example
-OH) on an A molecule, and letn be the volume of an A
molecule measured relative to the molecular volumea3 of the
solvent molecule (H2O). The present theory treats only the
extreme limit of complete hydrolysis. Ternary reactive system
of tetraalkoxysilanes in water and alcohol, Si(OR)4/H2O/ROH,
popularly used in sol-gel processing,10 will be studied in the
forthcoming paper. We mix the numberN of primary A
molecules (referred to as A) with the numberN0 of the solvent
molecules, both in the standard reference state. The initial
volume of the solution isV0 ) (N0 + nN)a3. As reaction
proceeds, the volume of the solution changes if the solvent is
allowed to evaporate. LetV be the volume of the solution at
equilibrium under the given temperatureT. In what follows,
we study our reactive solutions on the basis of the lattice theory
of polymer solution,11-13 so that the volume is measured in terms
of the total numberΩ of the lattice cells. Hence we haveΩ0 )
N0 + nN for the initial volume, andΩ ) V/a3 for the volume
at final equilibrium. For reaction in a closed vessel, we have a
conditionΩ ) Ω0, but for reaction under a controlled pressure,
the solvent molecules move between the solution phase and the
gas phase, and hence the volume of the solution changes (Figure
1). The volume fractionφ of the polymers in the pressure-
controlled system changes as a function of the pressure and the
temperature, and is different from that of the initial solutionΦ
≡ nN/Ω0.

We assume the reaction equilibrium

for polycondensation of A molecules, where∆nl is the number
of water molecules produced when anl-mer is formed froml
primary molecules by reaction. The volumenl of the l-mer is
then given by

The number∆nl may change from the minimuml - 1 (tree
form) to fl/2 (complete reaction), but here we simply consider
tree forms only and neglect internal loops. We then employ the
classical theory of gelation.1,3,4 The effect of cycle formation
within polymers can be taken into consideration step by step
by the usual spanning-tree procedure,14 but here we confine tree
statistics. We then have∆nl ) l - 1 and

As reaction proceeds, the average molecular weight of the
connected clusters grows, and eventually becomes infinite at

the gel point. LetNl be the number ofl-mers, and letNG be the
number of A molecules in the gel network, if it exists, in the
final equilibrium. The volume of the solution is then given by

wherenG is the effective volume of an A molecule in the gel
network and∆nG is the number of cross-links on it. The first
three terms gives the total number

of water molecules in the solution. The volume fraction of the
polymer in the sol part is given by

and that in the gel part is

The total volume fraction of the polymer is given byφ ) φS +
φG, and the volume fraction of water is

The gel fractionw is defined by the ratioφG/φ. The number of
water molecules moved from the solution to the gas phase is
given by

The total number of A molecules remains constant.

3. Free Energy of the Reactive Solutions

We apply lattice theory of associating solutions6-8 to the
present polycondensation system, and start from the free energy

lA h Al + ∆nlH2O (2.1)

nl ) ln - ∆nl (2.2)

nl ) ln - (l - 1) (2.3)

Figure 1. (a) Preparation of the polycondensing solution with the initial
volumeV0 and vapor pressurep0 immediately after mixing. (b) Final
equilibrium state with a solution phase of volumeV and a gas phase at
pressurep.

Ω ) N0 + ∑
lg1

(l - 1)Nl + ∆nGNG + ∑
lg1

nlNl + nGNG

(2.4)

Nw ≡ N0 + ∑
lg1

(l - 1)Nl + ∆nGNG (2.5)

φ
S ) ∑

lg1

nlNl/Ω (2.6)

φ
G ) nGNG/Ω (2.7)

φw ≡ Nw/Ω ) 1 - φ (2.8)

∆N0 ) Ω0(1 - Φ) - Ω(1 - φ) (2.9)

â∆F ) Nw ln(1 - φ) + ∑
lg1

Nl lnφl + ø(T)Ωφ(1 - φ)

+ ∑
lg1

∆lNl + δ(φ)NG (3.1)
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whereâ ≡ 1/kBT, ø(T) is Flory’s interaction parameter, and

is the free energy change in forming anl-mer from the number
l of separated primary molecules in the standard reference state.
The volume fraction of thel-mers is given by

and its number density is given by

The last term in (3.1) describes the free energy of the gel
network in the postgel regime, whereδ(φ) is the free energy
change per A molecule when it is connected to the gel. This
term is necessary as soon as the gel point is passed (in the
postgel regime), because the macroscopic number of molecules
(finite fraction w of the total number of molecules) belong to
the gel part. However, how the postgel free energy has to be
approximated adequately is not a simple problem, and has been
a matter of vivid controversies. Earlier papers by Veytsman15

and by Panayiotou et al.16 neglected the gel fraction and studied
the hydrogen-bonding gelling polymers without the last term
in the free energy. Later, Semenov and Rubinstein17 studied
gelation of polyfunctional molecules without taking into con-
sideration the free energy of the gel fraction, and came to the
conclusion such that there is no singularity associated with
physical quantities. Erukhimovich et al.18 considered the effect
of excessive loop formation, and reached the conclusion that
the sol/gel transition is a first-order phase transition. We
showed19 that there are several possible ways to treat the free
energy from the gel fraction, and for theoretical study without
ambiguity, we need at least one unknown parameter specifying
the relative probability of occurrence of intra- and intermolecular
reactions in the gel network.

Quite recently, we studied the thermodynamic nature of the
sol/gel transition with a strong analogy to Bose-Einstein
condensation.20 If we assume that the binding free energyδ(φ)
depends on the concentration, it corresponds to the smoothed
potential model of a Bose-Einstein liquid studied in the
literature.21 If it is a constant, it corresponds to the energy
spectrum with a constant gap.21 We will, however, not discuss
this subtle point here, and confine the present study to the pregel
regime and the gel point. Hence, in what follows, we assume
NG ) 0 and discard the last term in the free energy.

We can find the chemical potential for each component by
taking derivatives of the free energy with respect to the
corresponding number of molecules. We find

for the water, and

for an l-mer, where

is the number of monomers and clusters that possess center of
mass translational degree of freedom.6-8

4. Equilibrium Polycondensation

In the final equilibrium state, reaction 2.1 reaches a chemical
equilibrium, so that we have the condition

Substituting the chemical potentials into this equilibrium condi-
tion, we find that the volume fraction of thel-mers is given by

where

is the equilibrium constant of the reaction, andφ1 is the volume
fraction of the primary molecules that remain unreacted. In
contrast to the simple association without production of the
solvent molecules, the equilibrium constant depends on the
concentration through the interaction term with theø-parameter.
Such concentration dependence appears from the change in the
number of monomer-solvent contacts during the reaction. It
renormalizes the free energy of reaction∆l, and leads to many
interesting new features. We can now rewrite (4.2) as

whereK°l ≡ exp(-∆l) is the “bare” (superscript°) equilibrium
constant, and

is a new important factor due to water production (denominator)
and to the change in the mixing enthalpy (numerator). We often
encounter the same factor when we consider adsorption of
molecules onto an attractive surface on which the nearest
neighboring molecules interact with each other when adsorbed.22

It leads to an Ising model type phase transition. Here, we have
a new phase transition driven by the combination of water
production and the contact interaction between water and the
functional molecules. The conversion of functional groups
becomes a nonmonotonic function of the concentration below
a certain critical temperature, so that we can find three possible
values of the concentration for a given value of the conversion.

The part due to the change in the number of molecular contact
can be seen as follows. Consider the mixing enthalpy

in the free energy (3.1), and find its change when an (l + m)-
mer is produced as a result of the reaction between anl-mer
and anm-mer. The numberNl andNm both decrease by 1, and
the numberNl+m increases by 1, resulting in the volume change
nl+m - nl - nm. The numberNw of water increases by 1. This
gives the change∆mixH/kBT ) -ø(1 - 2φ) per single bond,
and hence the reaction free energy is renormalized from∆l to
∆l - (l - 1)ø(1 - 2φ) due to the contact interaction.

To find the bare part of the equilibrium constant, we now
split the reaction free energy into three parts: combinatorial,
conformational, and bonding terms as∆l ) ∆l

comb + ∆l
conf +

∆l
bond. To find the combinatorial part, all clusters are assumed

to take tree forms. Cycle formation within a cluster is neglected.

∆l ≡ â(µ°l - lµ°1) (3.2)

φl ≡ nlNl/Ω (3.3)

νl ≡ Nl/Ω (3.4)

â∆µw ) φ + ln(1 - φ) - ν + øφ
2 (3.5)

â∆µl ) 1 + ∆l + lnφl - nl(1 - φ + ν) + ønl(1 - φ)2

(3.6)

ν ≡ ∑
lg1

νl (3.7)

l∆µ1 ) ∆µl + (l - 1)∆µw (4.1)

φl ) Kl(φ)φ1
l/φw

l-1 (4.2)

Kl(φ) ≡ exp[- ∆l + (l - 1)ø(T)(1 - 2φ)] (4.3)

η(φ)φl ) K°l [η(φ)φ1]
l (4.4)

η(φ) ≡ eø(1-2φ)/(1 - φ) (4.5)

∆mixH/kBT ≡ ø(T)Nw∑
lg1

nlNl/Ω (4.6)
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We consider the entropy change on combiningl identical
f-functional molecules to form a single Cayley tree. The classical
tree statistics4 gives∆Sl

comb ) kBln[f lωl], where

is Stockmayer’s combinatorial factor. The free energy is given
by ∆l

comb ) - ∆Sl
comb/kB.

For the conformational free energy, we employ the lattice
theoretical entropy of disorientation13

for a chain consisting ofn statistical units, whereú is the lattice
coordination number,σ the symmetry number of the chain. We
then find

with most probablyσ ) 1.
Finally, the free energy of bonding is given by

because there arel - 1 bonds in a tree ofl molecules, where
∆f0 is the free energy change on forming a bond.

Combining all results together, we find

for the equilibrium constant, where

is the association constant.
Collecting all results together, we find that the numberνl of

l-mers in a unit volume of the solution obeys the distribution
law

where

is the number of functional groups on the A molecules that
remain unreacted, with the renormalization factorη(φ) arising
from solvent production during reaction. The volume fraction
of the l-mers is then given by

with nl ) ln -l + 1.

5. Reactivity and the Average Molecular Weight

Let us first consider the pregel regime where there is no
infinite cluster. We take the sum of (4.13) over all sizesl,
and find that the total numberν of monomers and clusters is
given by

Similarly, the total volume fractionφ of the clusters at final
equilibrium is given by

These are written in terms of the moments of Stockmayer’s
distribution function defined by

If we define a parameterR by the equation

we can express these moments explicitly in terms ofR. For
instance

To see the physical meaning ofR, let us calculate the probability
for a randomly chosen functional group to be associated. Since
an l-mer carries the total offl groups, among which 2(l - 1)
are associated, the probability of association (extent of reaction)
is given by

by using the number distribution function (4.13). This agrees
with R, and hence, we find thatR in fact gives the conversion,
or the extent of reaction.

By usingR, eq 5.2 can be written as

wheref1 ≡ f/n is the number of functional groups per monomer
unit on a primary molecule. This condition connects the
conversion with the polymer volume fraction. Similarly, the
number of clusters is given by

Since anl-mer contains the numberl of A molecules, the total
number of A molecules in the solution is given byΩ∑lνl, which
must be equal to the numberN ) ΦΩ0/n of A molecules mixed
when the solution is prepared. Hence we have

where

is the nominal number-average molecular weight of the clusters.
Similarly, we define

for the nominal weight-average molecular weight. These are

ωl ≡
(fl - l)!

l!(fl - 2l + 2)!
(4.7)

Sdis(n) ) kB ln (nú(ú - 1)n-2

σen-1 ) (4.8)

∆Sl
conf ) Sdis(ln) - lSdis(n) ) kBln[(σ(ú - 1)2

úen )l-1

l] (4.9)

∆l
bond) (l - 1)â∆f0 (4.10)

K°l )
fnl

n
ωl(fλ(T)

n )l-1

(4.11)

λ(T) ≡ [σ(ú - 1)2/úe]exp(-â∆f0) (4.12)

λ(T)η(φ)νl ) ωl x
l (4.13)

x ≡ (fλ(T)/n)η(φ)φ1 (4.14)

φl ) nlνl (4.15)

λ(T)η(φ)ν ) S0(x) (5.1)

λ(T)η(φ)φ ) (n - 1)S1(x) + S0(x) (5.2)

Sk(x) ≡ ∑
l)1

∞

lkωl x
l (k ) 0, 1, 2, ...) (5.3)

x ≡ R(1 - R)f-2 (5.4)

S0(x) ) R(1 - fR/2)/f(1 - R)2 (5.5a)

S1(x) ) R/f(1 - R)2 (5.5b)

S2(x) ) R(1 + R)/f[1 - (f - 1)R](1 - R)2 (5.5c)

2[S1(x) - S0(x)]/fS1(x) (5.6)

λ(T)η(φ)φ ) R(1 - f1R/2)/f1(1 - R)2 (5.7)

ν ) (1 - fR/2)φ/[n(1 - f1R/2)] (5.8)

Ω/Ω0 ) (n - 1 + n/ lhn)Φ/nφ (5.9)

lhn ≡ ∑lνl /∑νl (5.10)

lhw ≡ ∑l2νl /∑lνl (5.11)
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different from the true ones

which are observed in the experiments. Since we havelhn ) 1/(1
- fR/2) and lhw ) (1 + R)/[1 - (f - 1)R] in terms of the
conversion, we find

The total number (eq 2.9) of evaporated solvent molecules is
given by

For a closed system, we have a constant volume of the solution
Ω ) Ω0, and hence

As reaction proceeds, the volume fraction of the A molecules
monotonically decreases due to the solvent production.

6. Vapor Pressure, Gel Point, and Spinodal Condition

Let us study eq 5.7, which connects the conversion with the
volume fraction. It is rewritten in the form

This must be compared with conventional eq 1.2 under
equilibrium condition found in the literature. Obviously, [H2O]
) 1 - φ is the number density of water molecules, but there
are two differences. The first one is the volume change due to
reaction. The effective volume of A molecules is reduced from
n to n(1 - f1R/2). The second one is the interaction between A
molecules and water. It gives rise to the exponential factor, and
renormalizes the reaction free energy fromâ∆f0 to â∆f0 -
ø(T)(1 - 2φ). The latter leads to a nonmonotonic conversion,
or reverse reaction when molecular interactionø(T) is strong
compared with reaction∆f0. By solving eq 6.1 with respect to
the conversion, we find it explicitly as

where

is the scaled concentration of the functional groups.
Let us next consider reactive solutions whose vapor pressure

is controlled. The vapor pressure is given by the chemical
potential of water in the solution under equilibrium condition.
We then find

From eq 3.5, together withν of eq 5.8, we have

In the usual polymer solutions without reaction, the concentra-
tion φ is a controllable parameter. It is fixed at the preparatory

stage. But for reactive solutions treated here, the concentration
is not directly controllable. Instead, we take the vapor pressure
as a controlling parameter, and try to find how to bring the
solution to the gel point without phase separation. We therefore
solve eq 6.5 with respect to the conversion and the concentration
for a given pressure and temperature, with the help of the
equilibrium condition (eq 6.1).

The gel point can be found from the conventional condition
for the weight-average molecular weight〈nl〉w to become infinite.
It is a percolation point where the largest cluster grows to
macroscopic dimensions and spans the entire solution. Simple
calculation givesR ) 1/(f - 1) ≡ R* as in the classical Flory-
Stockmayer theory. We then find from eq 6.1 that the
concentrationφ* of the solution at the gel point is given by the
condition

This equation must be compared with our previous result
λ(T)f1φ* ) (f - 1)/(f - 2)2 for simple pairwise association of
polyfunctional molecules without solvent production during
reaction.6 The effect of solvent evaporation appears mainly in
the factorη(φ*). Since it is a nonmonotonic function ofφ* when
ø > 2, the gel phase turns back to a sol phase as the
concentration increases at low temperatures (reentrant sol phase).

To study phase separation, let us derive the spinodal condition
in the pregel regime. From the chemical potential (eq 3.5) for
water, and eq 3.6 withl ) 1 for a solute molecule, we find the
difference between the two components is given by

By taking the derivative, we find that the spinodal condition is
given by

where a new functionκ is defined by

It is explicitly given by

In the phase diagrams presented below, we draw the sol/gel
transition lines and spinodal lines in the pregel regime. The
spinodal lines lying inside the gel region (lines connecting the
point A and B) on the phase plane are drawn by thin lines, or
broken lines, only for guiding the reader’s eyes.

7. Numerical Results

For numerical calculation of the temperature-pressure phase
diagrams, we fix the necessary parameters in the following way.
We first assume the conventional Shultz-Flory form ø(T) )
1/2 - ψτ for the ø-parameter,23 where τ ≡ 1 - Θ/T is the
reduced temperature deviation measured from the reference theta
temperatureΘ satisfying the conditionø(Θ) ) 1/2, andψ is a
material parameter of order unity. At the temperatureΘ, the
second virial coefficient of a hypothetical Flory-Huggins

〈nl〉n ≡ Σnlνl/Σνl (5.12a)

〈nl〉w ≡ Σnl
2νl/Σnlνl (5.12b)

Ω/Ω0 ) (1 - f1R/2)Φ/φ (5.13)

∆N0/N0 ) 1 - (1 - f1R/2)Φ(1 - φ)/φ(1 - Φ)
(5.14)

φ ) (1 - f1R/2)Φ (5.15)

λ(T)eø(T)(1-2φ)fφ/n(1 - f1R/2) ) R(1 - φ)/(1 - R)2

(6.1)

R ) {1 + c(φ) - x1 + (2 - f1)c(φ)}/[f1 + c(φ)]
(6.2)

c(φ) ≡ 2λ(T)f1η(φ)φ (6.3)

ln(p/p0) ) â∆µw (6.4)

ln(p/p0) ) ln(1 - φ) + (1-1/n)φ/(1 - f1R/2) + øφ
2

(6.5)

λ(T)f1η(φ*)φ* ) (f - 1)[1 - f1/2(f - 1)]/(f - 2)2

(6.6)

â(∆µ1/n - ∆µw) ) (1/n) lnφ1 - ln(1 - φ) + ø(1 - 2φ)
(6.7)

κ(φ)/nφ + 1/(1 - φ) - 2ø ) 0 (6.8)

κ(φ) ≡ ∂(ln φ1)/∂(ln φ) (6.9)

κ(φ) )

1 + fφ
1 + (1 - f1)R

[ 1
1 - φ

- 2øφ][1+ (f - 1)R
2n

- 1] (6.10)
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solution without chemical reaction vanishes. The equilibrium
constant is then expressed asλ(T) ) λ0 exp(|ε|/kBT) ) λ0 exp-
[γ(1 - τ)], where λ0 gives the entropy part of the standard
reaction free energy, andγ ≡ |ε|/kBΘ the reaction enthalpy in
the unit of the thermal energy at the reference temperature. The
reference temperatureΘ is not the true theta temperature where
the second virial coefficientA2(T) of the osmotic pressure
vanishes. The latter lies far belowΘ, becauseA2 is renormalized
to

by reaction. Throughout the present numerical calculation, we
fix at ψ ) 1.0, λ0 ) 1.0, and changes the reaction enthalpyγ.
For γ > 1.0, for example, the reaction enthalpy is larger than
the thermal energy at the reference temperature, we call the
solution “strongly reactive”, and forγ , 1.0 we call the solution
“weakly reactive”. The functionality and the molecular weight
of the primary molecules are fixed atf ) 4 andn ) 5 as a
typical example in attempting to apply the present study to
pressure controlled sol/gel transition in polycondensation of
silicic acid Si(OH)4 in water.

7.1. Athermal Solutions.We first study the simplest case
of athermal solutions where there is no solvent-solute interac-
tion. We haveø ≡ 0. The only parameter we change in the
calculation is the association constantλ(T), or the free energy
∆f0 of the reaction. Even in such an ideal case, we can use a
certain appropriate reference temperatureΘ, and measure the
temperature by the dimensionless parameterτ ≡ 1 - Θ/T. The
strength of the reaction is given by the dimensionless enthalpy
γ.

Figure 2 shows the concentration of the solution as a function
of the vapor pressure, although the latter is taken as the vertical
axis. The temperature is changed from curve to curve in the
range -4.0 e τ e 1.0. The concentration monotonically
increases with decreasing pressure, i.e., by removing solvent
vapor, due to the promotion of forward reaction. The conversion
is plotted against the polymer concentration in Figure 3. They
are monotonically increasing functions of the concentration. We
first find the equilibrium concentration for a given pressure from
Figure 2 and then find the conversion under the pressure from
Figure 3. The conversion is uniquely found for a given pressure.
By cooling the solution, the equilibrium conversion becomes

larger, so that the population of the reacted functional groups
relative to the total number of groups increases. This temperature
effect is opposite to the reaction rate, which is accelerated by
heating. The latter is decided by the height of free energy barrier
lying between reacted and unreacted state of a functional group.
It is modified by pH, catalysts, etc. In contrast, the equilibrium
conversion is larger when the reaction free energy|∆f0| is larger
compared to the thermal energykBT. Study of reaction rate is
beyond the scope of the present paper.

Figure 4 shows the sol/gel transition line on the temperature-
pressure plane as a phase diagram for three different enthalpies
of reaction. They are found by condition 6.6. Under a fixed
temperature, for instanceτ ) - 1.0, we move from right to
left as the pressure is lowered and hit the sol/gel line at ln(p/
p0) ) - 0.04 for a weakly reactive solutionγ ) 0.5. Thus, we
can control the sol/gel transition by pressure drop. We can also
stay on the transition line by keeping the pressure. Figure 5
shows the same result shown on the temperature-concentration
phase plane as usual. This phase diagram is, however, not useful
because the concentration in the reaction bath cannot be
controlled.

Figure 2. Polymer concentration (horizontal axis) plotted as a function
of the vapor pressure (vertical axis) of the athermal solvent.

A2(T) ) 1/2 - ø(T) - (1 - 1/n)λ(T)f1
2/2 (7.1)

Figure 3. Conversion of the functional groups plotted against the
polymer concentration produced in the solution.

Figure 4. Sol/gel transition lines drawn on the temperature-pressure
phase plane. The enthalpy of reaction is changed from curve to curve.
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7.2. Strong Reaction.We next study solutions with a finite
interaction parameter. Reaction competes with phase separation.
In the case of strong reaction where reaction enthalpy is larger
than the mixing enthalpy, and hence the parameterγ is large,
the conversion increases sharply with the concentration. Figure
6 shows the concentration as a function of the vapor pressure.
At high temperatures it is a monotonic function. On cooling,
however, the tendency for phase separation becomes stronger.
As a result, the vapor pressure becomes larger than that of the
pure solvent, and shows a maximum at a certain concentration
as in the usual phase-separating polymer solutions,13 for instance,
in the case ofγ ) 1.0 in Figure 6. Given a pressure higher
than that of the pure solvent at low temperatures, there are two
concentrations giving the same pressure. If the pressure is
gradually increased in the experiment by keeping equilibrium
condition, the lower concentration is realized. It easily reaches
=0.5 under ln(p/p0) = 1.0 for τ ) - 2.0. Figure 7 shows the
corresponding conversion as a function of the concentration. It
reaches as high as 0.8 as is shown. There is a reverse reaction
in the regionφ ) 0.6-0.8 at low temperatures, but it is not
strong.

In Figure 8, we show forγ ) 1.0 the vapor pressure surface
(thin gray lines), as a function of the reduced temperatureτ
and the polymer concentration, on which the sol/gel transition
line (thin black line) and the spinodal line (thick black line) are
drawn. (The broken line indicates the spinodal line in the postgel
regime for guiding the eyes of readers.) The surface is called
Bakhuis-Rooseboom space diagram in the literature.24 We can
obtain the pressure-concentration phase diagram and the
temperature-concentration phase diagram by simply projecting
this surface onto the corresponding plane.

The phase diagram projected onto the temperature-pressure
plane is shown for three values ofγ in Figure 9. Solid lines
show the sol/gel transition lines. The broken lines show the
stability limit (spinodal line) inside which the solution becomes
thermodynamically unstable. The part connecting the point A
and B lying inside the postgel regime is shown only for guiding
the eyes of readers. Its precise location depends on how the

Figure 5. Sol/gel transition lines drawn on the usual temperature-
concentration plane. The reaction enthalpy is changed from curve to
curve.

Figure 6. Polymer concentration (horizontal axis) plotted as a function
of the vapor pressure (vertical axis) of the solvent for strong reaction
of γ ) 1.0.

Figure 7. Conversion of the functional groups plotted against the
polymer concentration produced in the solution. At low temperatures,
they are not monotonically increasing functions of the concentration
due to the backward reaction.

Figure 8. Three-dimensional diagram in the temperature-concentra-
tion-pressure space (Bakhuis-Rooseboom diagram) with the sol/gel
transition curve (thin black line) and the spinodal lines (thick black
line) for strong reaction ofγ ) 1.0. The vapor pressure of the solution
is shown as the surface indicated by the gray thin lines. The broken
line for the spinodal inside the gel region is just to guide reader’s eyes.
The area on the surface indicated by 2Φ is the unstable region.
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reaction inside the gel network is treated, but nevertheless the
overall structure of the spinodal boundary remains the same
irrespective of the treatment. The reaction enthalpyγ is changed
from curve to curve within the strong reaction regime. It has a
spike at a certain temperature, like a “spinning” tool as
etymological origin of spinodal line. If the solvent water is
evaporated on a substrate plane below such a spike point
temperature, the solution is phase separated, so that homoge-
neous coating of the substrate is impossible. In Figure 10, the
phase diagram is mapped onto the usual temperature-
concentration plane. The sol/gel transition line crosses the two-
phase region indicated by the symbol 2Φ. Gelation is interfered
with phase separation. The phase behavior of coexisting
thermoreversible gelation and phase separation has been ex-
plored in our series of study.6-8 For the present reactive
solutions, however, the concentration is not an independent
variable, but is decided by the vapor pressure.

7.3. Weak Reaction.Figures 11-15 show the results for
weak reaction. The reaction enthalpyγ relative to the thermal

energy is assumed to take the value within the rangeγ ) 0.05-
0.15. In such weak reaction, the van der Waals type contact
interaction factor-ø(1 - 2φ) due to the change in the number
of monomer-water contact is more important than the reaction
enthalpy, in particular, at low temperatures. By giving pressure,
the condensation reaction is easily pushed back to reduce the
number of contact. The tendency to phase separation becomes
stronger with lowering the temperature. As a result, a very
interesting reentrant sol phase appears at high pressure, which
interferes with the phase separation.

Figure 11 shows the polymer concentration (horizontal axis)
plotted as a function of the vapor pressure (vertical axis) of
water as before. At low temperatures, the vapor pressure shows
a positive shift, reaches a maximum and the sharply decreases.
Such peaks indicate strongly repulsive interaction between
polymers and solvent molecules in the solution. It eventually
leads to a phase separation. Figure 12 shows the conversion of
the functional groups plotted against the concentration of
polymers produced in the solution. At low temperatures, we
notice a strong tendency to low conversion after passing a
maximum with increase in the polymer concentration, or by
giving high pressure. For instance, for the lowest temperature
τ ) -4.0 in our calculation, the conversion is pushed back as

Figure 9. Sol/gel transition lines (solid lines) together with the spinodal
lines (broken lines) drawn on the temperature-pressure phase plane
in the case of strong reaction. The enthalpy of reaction is changed from
curve to curve. The two curves (sol/gel and spinodal) cross each other
at the spike point of the spinodal region indicated by 2Φ. The reaction
enthalpy is changed from curve to curve.

Figure 10. Sol/gel transition lines (solid lines) together with the
spinodal lines (broken lines) drawn on the usual temperature-
concentration plane. The two curves cross each other at the top of the
spinodal region. The reaction enthalpy is changed from curve to curve.

Figure 11. Polymer concentration (horizontal axis) plotted as a function
of the vapor pressure (vertical axis) of the solvent for weak reaction of
γ ) 0.1.

Figure 12. Conversion of the functional groups plotted against the
produced polymer concentration in the case of weak reaction.
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low as 0.25, which is lower than the gel point 0.33. The solution,
thus, goes back to sol phase.

Figure 13 shows the Bakhuis-Rooseboom space diagram for
the case of weak reaction. We can readily see the appearance
of the reentrant sol phase at low temperature with high vapor
pressure.

Projecting onto the temperature-pressure phase plane, we
have similar sol/gel transition curves and the spinodal curves
to those in the strong reaction case as shown in Figure 14, but
there is a large difference at high pressure. (Three curves near
the spinodal spike fall nearly on top of each other in this axis
scale, so that their difference cannot be seen clearly in this
figure.) There appears a closed loop type sol region as we can
see in the figure, whose position depends on the reaction
enthalpy. These are the reentrant sol phases. Figure 15 shows
more clearly these reentrant sol phases on the usual tempera-
ture-concentration phase plane. We see two groups of sol/gel
transition lines: one with the same shape as in the strong
reaction at low concentrations (sol/gel transition), the other with
dome shape at high concentrations (gel/sol transition). Such new

cooperative phenomena between gelation (connection of mol-
ecules by chemical bonds) and phase separation (coexisting two
different phases) by changing the vapor pressure indicate
potential applications of the pressure controlled sol/gel trans-
formation in polycondensing systems.

8. Reaction in Closed Systems

When reaction takes place in a closed vessel, the volume is
kept constantΩ ) Ω0, so that we have the relation 5.13. The
polymer concentration is reduced by the factorf1R/2 as reaction
proceeds due to the production of water molecules. The
conversion is then found from eq 5.7 as a function of the initial
concentrationΦ. Explicitly, the equation forR leads to

The spinodal condition remains the same as eq 6.8, but the
concentration is replaced by the closed system condition 5.13.

Figures 16 and 17 show the conversion as a function of the
initial concentration for a strong and weak reaction. Temperature
is varied from curve to curve. Compared to the pressure-
controlled open systems, the backward reaction is enhanced due
to the elevated pressure by reaction. The reentrant sol phases
appear more easily.

We finally show in Figure 18 a typical phase diagram of the
closed system for weak reaction. The horizontal axis is the
monomer concentration in the preparation stage, so that it is
now a controllable parameter. The overall structure of the phase
diagram remains the same as open systems, but larger reentrant
sol regions appear because of the enhanced backward reaction.
Spinodal lines fall almost on top of each other, so that three
curves cannot be distinguished in this axis scale.

9. Conclusions and Discussion

We have shown the advantage to bring the polycondensing
systems to the gel points by controlling the vapor pressure. In
a common case of primary molecules withf ) 4 andn ) 5, the
gel point can easily be reached by depressing the vapor pressure
by 1 order of magnitude. In a weak reaction, we showed that it
is possible to move back to a sol from a gel by giving pressure.

Figure 13. Same as in Figure 8, but for a weak reaction ofγ ) 0.1.

Figure 14. Sol/gel transition lines (solid lines) together with the
spinodal lines (broken lines) drawn on the temperature-pressure phase
plane in the case of weak reaction. The enthalpy of reaction is changed
from curve to curve. The two curves (sol/gel and spinodal) cross each
other at the top of the spinodal region. The reaction enthalpy is changed
from curve to curve.

Figure 15. Sol/gel transition lines (solid lines) together with the
spinodal lines (broken lines) drawn on the usual temperature-
concentration plane for weak reaction. The two curves cross each other
at the top of the spinodal region (phase separation region). The reaction
enthalpy is changed from curve to curve.

2f1λΦ(1 - R)2exp[ø(T)(f1ΦR + 1-2Φ)] ) [2(1 - Φ) +
f1ΦR]R (8.1)
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The thermodynamic conditions to reach the gel point without
phase separation can also be found by the theoretical consid-
eration given in this study. Such thermodynamic description,
combined with reaction kinetics, therefore turned out to be useful
not only for the fundamental research but also for the practical
applications.

From the theoretical point of view, the treatment of the postgel
regime after the gel point is passed is important because the
conversion in the gel part and that in the sol part may be
different.4,19Historically, several consistent theoretical treatments
have been proposed. The problem requires the inclusion of at
least one additional unknown parameter defining the relative
probability of occurrence of intra- and intermolecular reactions.
We have avoided this problem, and confined the present study
to the pregel regime and the gel point.

We have also treated polycondensation within the same
species of functional groups such as-OH. Most of the important
reactions are, however, hetero-polycondensation where different

functional groups-A and B- react with the byproduct being
a solvent molecule. Thermodynamic study on such hetero-
polycondensation in ternary mixture will be reported in our
forthcoming paper.
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Figure 16. Conversion in closed system is plotted against the initial
concentration of functional molecules in the strong reaction case.
Temperature is varied from curve to curve. The strong backward
reaction can be seen at high concentrations.

Figure 17. Same as Figure 16, but for the case of weak reaction.

Figure 18. Typical phase diagram of a closed system with sol/gel
transition lines (thick lines) and the spinodal line (thin broken lines of
dome shape) drawn on the temperature and initial concentration plane.
The reaction enthalpy is varied fromγ ) 0.02 (inner curve),γ ) 0.04
(middle curve), andγ ) 0.02 (outer curve). Large reentrant sol regions
appear.
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